Abstract. Gendo-symmetric algebras were introduced by Fang and Koenig in [FanKoe2] as a generalisation of symmetric algebras. Namely, they are endomorphism rings of generators over a symmetric algebra. This article studies various algebraic and homological properties of representation-finite gendosymmetric biserial algebras. We show that the associated symmetric algebras for these gendo-symmetric algebras are Brauer tree algebras, and classify the generators involved using Brauer tree combinatorics. We also study almost ν-stable derived equivalences, introduced in [HuXi1] between representation-finite gendo-symmetric biserial algebras. We classify these algebras up to almost ν-stable derived equivalence by showing that the representative of each equivalence class can be chosen as a Brauer star with some additional combinatorics. We also calculate the dominant, global, and Gorenstein dimensions of these algebras. In particular, we found that representation-finite gendo-symmetric biserial algebras are always Iwanaga-Gorenstein algebras.
Introduction
Throughout this article, all algebras are connected, non-semisimple, and finite dimensional over an algebraically closed field K.
Recently, Fang and Koenig introduced in [FanKoe2] the notion of gendo-symmetric algebras. This terminology is just a shorthand of saying (that an algebra is isomorphic to) an endomorphism ring of a generator over some symmetric algebra. Clearly, this class of algebras contains the class of symmetric algebras. This containment is strict. For example, Schur algebras S(n, r) with n ≥ r are gendo-symmetric algebras of finite global dimensions. More specifically, recall that the Schur algebra can be defined as the endomorphism algebra of direct sums of permutation modules over the group algebra of a symmetric group. If the permutation module associated to the trivial Young subgroup is a direct summand, then the associated Schur algebra is gendo-symmetric, as this permutation module is just the regular representation of the group algebra. We refer the reader to [KSX] for more examples and details.
In the class of (non-semisimple) symmetric algebras, the subclass of Brauer tree algebras is well-known for being easy to carry out very explicit homological and algebraic calculations. It is therefore natural to consider gendo-Brauer tree algebras, i.e. endomorphism algebras of a generator over a Brauer tree algebra, as a toy model to gain some insight for properties of gendo-symmetric algebras.
Brauer tree algebras, whose origin arise from modular group representation theory, form an important class of algebras which often appears in disguise in several areas of mathematics, see for example [Zi] for an introduction to those algebras. Brauer tree algebras are used to describe the representation-finite blocks of group algebras over an algebraically closed field. Typical examples of Brauer tree algebras are the Brauer star algebras (a.k.a. symmetric Nakayama algebras), and the Brauer line algebras, which turn up as representation-finite blocks of the symmetric groups.
It is natural to expect that the class of all gendo-Brauer tree algebras could be difficult to study as a whole. Therefore, we focus on those gendo-Brauer tree algebras which strongly resemble an ordinary Brauer tree algebra. Recall the two following equivalent definitions of Brauer tree algebras:
(1) Algebraic characterisation [GaRi, SkoWas] : the class of Brauer tree algebras coincides with the class of representation-finite symmetric biserial algebras. (2) Homological characterisation [Ric, GaRi] : symmetric algebras derived (resp. stably) equivalent to a symmetric Nakayama algebra are Brauer tree algebras.
This article will focus on the class of gendo-Brauer tree algebras which generalises the algebraic characterisation i.e. the class of representation-finite gendo-symmetric biserial algebras. A priori, it is not entirely clear if representation-finite gendo-symmetric biserial algebras are always gendo-Brauer tree algebras. Our first result is to confirm that this is indeed the case. In fact, we show this by determining which generators of Brauer tree algebras give rise to representation-finite gendo-symmetric biserial algebras.
It turns out that an indecomposable non-projective direct summand of such a generator lies on the boundaries of the stable Auslander-Reiten quiver -we call such a module a hook module. However, not all direct sums of hook modules give rise to a representation-finite gendo-symmetric biserial algebra. Nevertheless, it is possible to describe the precise condition of such a direct sum. Recall that two modules are said to be stably orthogonal to each other if every module map between them factors through a projective module.
Theorem A. (Theorem 3.9) Representation-finite gendo-symmetric biserial algebras are gendo-Brauer tree algebras. Moreover, the following are equivalent for an algebra A.
(1) A is representation-finite gendo-symmetric biserial.
(2) A is Morita equivalent to End B (B ⊕ M ) over a Brauer tree algebra B with M being a direct sum of hook modules whose indecomposable summands are pairwise stably orthogonal.
A gendo-Brauer tree algebra satisfying one of these conditions will be called a special gendo-Brauer tree algebra. Similar to Brauer tree algebras, we can construct special gendo-Brauer tree algebras (up to Morita equivalence) using only some combinatorial data. This will be explained in detail in Section 3.
The next stage is to generalise the homological characterisation. Roughly speaking, we want to characterise gendo-Brauer tree algebras which are derived equivalent to a gendo-symmetric Nakayama algebra. Since gendo-symmetric Nakayama algebras are representation-finite biserial, it is natural to hope that the gendo-Brauer tree algebras which are derived equivalent to gendo-symmetric Nakayama algebras are also representation-finite biserial. See also [Ma1] for another investigation on gendo-symmetric Nakayama algebras.
The main difficulty of this task comes from the fact that derived equivalence can change dominant dimension in general (see [CheXi] and [Ma3] ), which means that there is no hope to preserve gendosymmetricity. It is then natural to concentrate on a type of derived equivalence which preserves dominant dimension in hope to get around this problem. It turns out that almost ν-stable derived equivalences introduced by Hu and Xi [HuXi1] , which are already known to preserve dominant dimension, indeed preserve gendo-symmetricity (Theorem 4.6). Moreover, one can see that almost ν-stable derived equivalences between gendo-symmetric algebras, in some sense, arise from derived equivalences between the associated symmetric algebras, see Proposition 4.4 for details.
As an application of these general results, we obtain an almost ν-stable derived equivalence classification of special gendo-Brauer tree algebras. In particular, we have the following gendo-symmetric generalisation of the homological characterisation of Brauer tree algebras.
Theorem B. (Theorem 4.7 and 4.8) Every special gendo-Brauer tree algebra is almost ν-stable derived equivalent to the endomorphism ring of a generator over a symmetric Nakayama algebra. Moreover, a gendo-Brauer tree algebra which is almost ν-stable derived equivalent to a gendo-symmetric Nakayama algebra is isomorphic to End B (B ⊕ M ) where B is a Brauer tree algebra and M is a direct sum of hook modules which lie in a single Ω 2 -orbit.
Preliminaries
We follow the notation and conventions of [SkoYam] . In particular, all modules are finite dimensional right modules and all maps are module maps unless otherwise stated. The K-linear duality is denoted by D(−).
Let A be an algebra. The Nakayama functor D Hom A (−, A A ) and its inverse is denoted by ν and ν −1
respectively. The Auslander-Reiten translate and its inverse are denoted by τ and τ −1 respectively. The full subcategory of projective (resp. injective, resp. projective-injective) A-modules is denoted by proj A (resp. inj A, resp. prinj A). For a module M , we denote by |M | the number of indecomposable direct summands of M up to isomorphism. We will usually denote an idempotent by e, or by e i for a label i of (an isomorphism class of) a simple module.
We assume that the reader is familiar with derived and stable categories (see, for example, [Zi] ), as well as basic Auslander-Reiten theory (see, for example, [ARS] ).
2.1. Homological dimensions. We now recall definitions and facts of various homological dimensions.
The finitistic dimension of an algebra is the supremum of projective dimensions of all modules having finite projective dimension. The finitistic dimension conjecture claims that the finitistic dimension is always finite. It is known that the finitistic dimension conjecture is true for representation-finite algebras.
If the left injective dimension and right injective dimension of the regular module A coincide, then we call such dimension the Gorenstein dimension of A. The Gorenstein symmetry conjecture claims that these two dimension always equal. This conjecture is a consequence of the finitistic dimension conjecture, see [ARS] in the section about homological conjectures.
Note that the finitistic dimension is always less than or equal to the Gorenstein dimension. Moreover, when the later is finite, the two dimensions are equal, see for example [Che] . In particular, Gorenstein dimension is well-defined for representation-finite algebras.
If the Gorenstein dimension of A is finite (say, equal to d), then A is also called a (d-)IwanagaGorenstein algebra [EncJen] .
Let M be an A-module with minimal injective coresolution I • = (I n ) n≥0 and minimal projective resolution P • = (P n ) n≥0 . The dominant dimension and codominant dimension of M are
respectively. The dominant dimension of A, denoted by domdim(A), is the dominant dimension of the regular A-module A A . The dominant dimensions of the left regular module and the right regular module always coincide, see [Ta] for example. It is well-known that domdim(A)≥ 1 if and only if there is an idempotent e such that eA is minimal faithful and injective. Note that minimality here means that eA is a direct summand of any faithful A-module, which implies that we have add(eA) = prinj A (as the injective envelope of A is faithful and projective).
2.2. Gendo-symmetric and QF-1,2,3 algebras. Following [FanKoe2] , a gendo-symmetric algebra is an algebra isomorphic to an endomorphism ring of a generator over some symmetric algebra.
In the more general setting of self-injective algebras in place of symmetric algebras, the analogous notion is called Morita algebra in [KerYam] .
In [FanKoe] , the authors give an equivalent characterisation of gendo-symmetric algebras in the style of the Morita-Tachikawa correspondence [Ta] . Namely, an algebra A is gendo-symmetric if and only if domdim(A)≥ 2 and there is an idempotent e of A such that eA is the minimal faithful projective-injective module with D(Ae) ∼ = eA as (eAe, A)-bimodules:
2 = e ∈ A such that A eA minimal faithful projective-injective, and D(Ae) ∼ = eA as (eAe, A)-bimodules
For other equivalent characterisations of gendo-symmetric algebras, see [FanKoe, FanKoe2] . For the Morita algebra version of this correspondence, see [KerYam] . It follows from the above correspondence that the (A, eAe)-bimodule Ae has the double centraliser property: A ∼ = End eAe (Ae). Let Dom 2 := Dom 2 (A) denote the full subcategory of all A-modules having dominant dimension at least two. In the case when A is gendo-symmetric, this means that the injective copresentation of a module in Dom 2 is in add(eA). It follows from [Aus, Prop 5.6 ] (see also [APT, Lem 3.1] ) that the Schur functor (−)e : Dom 2 → mod eAe is an equivalence of categories for gendo-symmetric (and Morita) algebras A. We remark that if B is a basic self-injective algebra with n simple modules (up to isomorphism) and M = B ⊕ N for a basic module N without projective summand, the algebra A := End B (M ) has exactly n indecomposable projective-injective modules up to isomorphism.
Recall the following generalisations of quasi-Frobenius (i.e. self-injective) algebras from [Thr] .
Definition 2.1. Let A be a finite dimensional algebra.
• A is QF-1 if every faithful left A-module M has double centraliser property, i.e. there is a ring
• A is QF-2 if every indecomposable projective A-module has a simple socle.
• A is QF-3 if domdim(A) ≥ 1.
Note that any self-injective algebra satisfies all three conditions. It follows from the definition that any Morita and gendo-symmetric algebra must be QF-3. Proposition 2.2. A Morita (resp. gendo-symmetric) algebra is QF-1 if, and only if, it is self-injective (resp. symmetric).
Proof. This follows from the results in [Mor] (as well as the reason for the naming of Morita algebra), which we clarify in the following. It is enough to prove the only-if-direction.
Recall from [Mor, Theorem 1.3 ] (see also [Yam, Cor 3.5 .1]) the following equivalent condition for a QF-3 algebra A to be QF-1: any indecomposable A-module is generated or cogenerated by N for any minimal faithful A-module N .
We are only left to show that a Morita (resp. gendo-symetric) QF-1 algebra is self-injective (resp. symmetric). Suppose A is a non-self-injective Morita (resp. non-symmetric gendo-symmetric) algebra with idempotent e, where eA is the unique minimal faithful projective-injective right A-module. Now Morita's characterisation says that A being QF-1 is equivalent to having domdom(M ) ≥ 1 or codomdim(M ) ≥ 1 for all indecomposable A-modules M .
Take the simple top S of a projective non-injective A-module f A. Then clearly its codominant dimension is zero. The injective envelope of S is then D(Af ). Recall that A being gendo-symmetric implies that D(Ae) ∼ = eA as right A-module; the same holds for a Morita algebra A by [KerYam, Lemma 2.1] . This means that D(Af ) is not a summand of D(Ae) ∼ = eA as eA is the minimal faithful projective-injective module, because Af is not injective. Thus D(Af ) is not projective. Therefore, the dominant dimension of S is also zero.
2.3. Nakayama algebras. Readers who require more details on the material in this subsection are advised to consult [ARS, GaRi] . We now fix some notations concerning representations of Nakayama algebras by recalling some background information.
In this article, we will only use basic indecomposable Nakayama algebras whose quiver is cyclic (instead of linear). This is equivalent to saying that there is no simple projective module. Any local Nakayama algebra is isomorphic to K[X]/(X d ), for some d ≥ 2. We label vertices and orient arrows of the quiver for a Nakayama algebra with n simples (up to isomorphism) as follows:
It is conventional to let Z/nZ denote the set of vertices, and so for any vertices i and j, i + j is always taken modulo n. A Nakayama algebra A with n simple modules is uniquely determined by its Kupisch series [c 0 , c 1 , . . . , c n−1 ], where c i is the Loewy length (hence, dimension) of the indecomposable projective module e i A. Note that c i − c i+1 ≤ 1 for all i ∈ Z/nZ, and c i ≥ 2 for all i, as we will only use Nakayama algebras whose quiver is cyclic. Note also that a Nakayama algebra is self-injective (resp. symmetric) if and only if c i = c j for all i, j (resp. there exists m ∈ Z ≥1 such that c i = mn + 1 for all i).
By definition, every indecomposable A-module is uniserial, i.e. it has a unique filtration with simple subquotients. For a self-injective Nakayama algebra, an indecomposable module is uniquely determined by its socle and its Loewy length, i.e. by (i, ) ∈ Z/nZ × {1, 2, . . . , c i }; we will label the corresponding module L(i, ). Thus, L(i, ) ∼ = e i J w− in the case when the algebra is symmetric with Loewy length w and Jacobson radical J. There are various different ways to label an indecomposable module by pairs of integers, but this labelling has the advantage of giving an easy coordination on the Auslander-Reiten quiver.
Example 2.3. The following is the Auslander-Reiten quiver of the Nakayama algebra with Kupisch series [4, 4, 4] , where (i, ) represents the position of the module L(i, ), and the dashed arrows represent the effect of applying the Auslander-Reiten translate τ .
Note that the "going-up diagonals" on the left and on the right are identified.
Let B be a symmetric Nakayama algebra with n isomorphism classes of simples and Loewy length mn + 1. Then the stable Auslander-Reiten quiver of B is the full subquiver spanned by vertices (i, ) for i with = c i = nm + 1; it is isomorphic, as a translation quiver, to ZA mn / τ n . For a vertex (i, j) on the stable Auslander-Reiten quiver, its forward hammock (resp. backward hammock ) is the full subquiver containing
This region can be easily understood using the pictorial form:
Algebraically, (x, y) is in the forward (resp. backward) backward hammock of (i, j) if, and only if,
. Moreover, it is now easy to see that the forward hammock of a vertex is also a backward hammock of another unique vertex. The effect of applying Ω and Ω −1 to indecomposable B-modules can be visualised as going to the other endpoint of the forward hammock and backward respectively. That is, we have
The following statement is somewhat well-known, we will include a brief explanation in case the reader has difficulties finding the relevant literature.
Proposition 2.4. Let A be a symmetric Nakayama algebra with n simple modules (up to isomorphism) and Loewy length w = nm + 1. If n ≥ 2, then for an indecomposable, non-projective A-module L(i, ), the following conditions are equivalent:
3) it is a simple top (hence, socle) or a radical of an indecomposable projective module, (4) it is either in the τ -orbit of a simple module, or the τ -orbit of the radical of an indecomposable projective module, (5) it is in the Ω-orbit of a simple module or the radical of an indecomposable projective module, (6) it is the image of the radical of an indecomposable projective module under a stable autoequivalence of modA, (7) it is the image of a simple module under a stable auto-equivalence of modA. If n = 1 (i.e. A is local), then the conditions (2) to (7) are equivalent to each other for an -dimensional indecomposable module L(0, ) with i = 0.
Proof. (1)⇔(2): We have the following isomorphisms of vector spaces:
where the second isomorphism follows from the fact that Ω 2 ∼ = τ for symmetric algebras, and the third isomorphism is just using the fact that τ (L(i, )) ∼ = L(i + 1, ). For n ≥ 2, it can be easily seen from the backward hammock of
(2)⇔(3)⇔(4)⇔(5): Easy to see using the (stable) Auslander-Reiten quiver of A and the hammocks.
(5)⇔(7)⇔(6): This follows from the fact that the group of stable auto-equivalences on modA is generated by Morita equivalences and Ω, see for example [Asa] .
2.4. Brauer tree algebras. Definition 2.5. An algebra is said to be biserial if for any indecomposable projective module P , rad P = U + V for some uniserial modules U and V with U ∩ V being simple or zero.
An algebra is special biserial if it is Morita equivalent to a bounded path algebra KQ/I with admissible ideal I such that
• For each v ∈ Q 0 , there are at most two arrows whose source (resp. target) is v.
• For each α ∈ Q 1 , there is at most one arrow β such that αβ / ∈ I (resp. βα / ∈ I).
We remark that representation-finite biserial algebras are always special biserial; this is a result of [SkoWas] (and the origin of "speciality") which will be used extensively.
We say that an algebra A is a Brauer tree algebra if it is Morita equivalent to a representation-finite symmetric biserial algebra. In particular, a symmetric Nakayama algebra is a Brauer tree algebra.
It is easier to work with a more explicit definition of Brauer tree algebras which is given in the following.
is a (finite) graph which is also tree, where V is the set of vertices and E is the set of edges; • for each v ∈ V , σ v is a cyclic ordering (permutation) of all the edges incident to v; • (m v ) v∈V is a series of positive integers so that m v = 1 for all but at most one vertex; each m v is called the multiplicity of v.
The exceptional vertex of (G, σ, m) is the vertex whose multiplicity, which will be called exceptional multiplicity, is not equal to 1. In the case when m v = 1 for all v ∈ V (which will be denoted by m ≡ 1), any vertex and its associated multiplicity can be regarded as being exceptional. A vertex of valency 1 will be called a leaf vertex, and its attached edge is called a leaf.
We will usually just specify a datum by a tuple (G, m), where G is the graph G equipped with the cyclic orderings (σ v ) v∈V . We call G a planar tree for short. The edge immediately before (resp. after) x in the cyclic ordering around v is called the predecessor (resp. successor ) of x around v. Whenever we visualise a planar tree in a picture, we will present the edges emanating from each vertex according to the associated cyclic ordering in the counter-clockwise direction.
Define a set H := H G of symbols (x|y) with x, y being edges of G so that they are both incident to a vertex v and y is the successor of x around v. We also call the vertex v in this instance as the vertex associated to (x|y) (or associating vertex of (x|y)). To avoid ambiguity, we take H G := {(x|x), (x|x)} in the case when G has only one edge x.
The Brauer quiver associated to G is a quiver, denoted by Q G , whose set of vertices is the set E of edges in G, and the set of arrows are given by x → y for each (x|y) ∈ H. While it makes sense to identify (Q G ) 1 with H, there will come a time when we need to distinguish arrows with elements of H. Therefore, we will always denote an arrow by (x → y) instead of just simply (x|y).
Let ρ x,v = (x = x 0 → x 1 → · · · → x k = x) denote the simple cycle (i.e. the one without repeating arrow) in Q G so that x i is incident to v for all i ∈ {1, 2, . . . , k}. Note that k is the valency of the vertex v in G.
Definition 2.7. An algebra B is a Brauer tree algebra associated to the Brauer tree (G, m) if it is Morita equivalent to the bounded path algebra Λ G,m := KQ G /I, where the ideal I is generated by the following Brauer relations: Example 2.8. Consider the Brauer tree (G, m) where G has the following visualisation:
This means that the cyclic ordering of the 3-valent vertex u is (0, 1, 2) and the cyclic ordering of the other endpoint v of edge 2 is (2, 3). Suppose the exceptional vertex is v with multiplicity 2. Then all the indecomposable projective modules of B := Λ G,m are uniserial apart from e 2 B, whereas rad e 2 B/ soc e 2 B is a direct sum of two uniserial modules U ⊕ V . The Loewy filtration is described by the cyclic ordering and the multiplicity of the associated vertex, which gives the following pictorial presentation of the Loewy structure of B:
This presentation gives a clear view of the structures of U (uniserial with composition factor S 0 , S 1 ) and V (uniserial with Loewy filtration S 3 , S 2 , S 3 ).
For a symmetric Nakayama algebra with n simple modules (up to isomorphism) and Loewy length nm + 1, the corresponding Brauer tree is a star-shaped tree with the exceptional vertex of multiplicity m lying at the centre. Hence, sometimes we call them Brauer star algebras. Typical examples of Brauer tree algebras arise from modular group representation, namely, the so-called blocks of cyclic defect (i.e. blocks of finite representation type). In the case of symmetric groups, the representation-finite blocks are Brauer tree algebras whose the underlying trees are just a line (with p − 1 edges, where p=charK) and m ∼ = 1.
As we have mentioned, a result of Rickard [Ric] shows that an algebra derived equivalent to a symmetric Nakayama algebra is a Brauer tree algebra and every Brauer tree algebra is derived equivalent to a symmetric Nakayama algebra. The derived equivalence class is uniquely determined by the tuple (n, m), where n is the number of simples and m is the exceptional multiplicity.
Moreover, the stable equivalence class and derived equivalence class containing any given symmetric Nakayama algebra coincide [Ric] . The classification for this stable equivalence class is shown by [GaRi] . Since stable equivalence preserves stable Auslander-Reiten structure, each equivalence class is uniquely determined by a pair of positive integers (n, m), so that any algebra in such a class has stable AuslanderReiten quiver being ZA nm / τ n (the case for (n, m) = (3, 1) is shown in Example 2.3).
The distance between two vertices u, v of a planar tree G is the number of edges in the (unique) path in G whose endpoints are u, v. Distance gives a natural bipartite structure on trees. In particular, we say that two vertices have the same parity if and only if their distance is even.
1 This bipartite structure has some significance on the representation theory of the corresponding Brauer tree algebras (regardless of multiplicities); see the proposition below.
An indecomposable non-projective module over a Brauer tree algebra will be called a hook module if it lies on a boundary (i.e. top row or bottom row) of the stable Auslander-Reiten quiver. The terminology comes from the so-called string combinatorics of special biserial algebras, but we will not explain any more details here. The following characterisation of hook modules is well-known; we include a proof for completeness.
Proposition 2.9. Let B = Λ G,m ∼ = KQ G /I be a basic Brauer tree algebra so that Q G and I are given as in Definition 2.7. Then the following are equivalent:
(1) M is a hook module over B; (2) M is in the Ω-orbit containing a simple module S whose projective cover is uniserial;
M is a maximal uniserial module corresponding to some v ∈ V in the sense that the multiplicity [M : S y ] of a simple module S y corresponding to y ∈ E is given by
Moreover, two hook modules (x → y)B, (w → z)B are in the same τ -orbit if and only if the vertices associated to (x|y), (w|z) have the same parity.
Proof. First we claim that if S is a simple module whose projective cover P S is uniserial, then Ω(S) and Ω −1 (S) lie on a boundary of the stable Auslander-Reiten quiver (i.e. they are hook modules). This can be seen using the almost split sequence
Since Ω is a stable auto-equivalence, it induces an automorphism of the stable Auslander-Reiten quiver, which means that the Ω-orbit of a hook module must also be hook module. This gives the equivalence between (1) and (2).
(2)⇔(3): This is just a direct (inductive) calculation starting with M = S for P S uniserial. For a module M of the form e x B/αB for some α ∈ Q 1 , clearly Ω(M ) = αB. Let β be the unique arrow so that its source s(β) is the same as the target t(α) of α with αβ = 0 in KQ/I. Now the claim follows since e t(α) B/βB ∼ = αB via left-multiplying α.
(3)⇔(4): As explained in the previous part, e x B/(x → y)B ∼ = (z → x)B for the unique z so that the vertices associated to (x|y) and (z|x) have different parity (equivalently, (z → x → y) ∈ I).
(3)⇔ (5) is clear by construction of Λ G,m .
For the final statement, recall Ω 2 ∼ = τ for symmetric algebras, so the claim follows from the fact that Ω((x → y)B) ∼ = (y → z)B implies the vertices associated to (x|y) and (y|z) have different parity. For (x|y) ∈ H, we denote by M (x, y) the corresponding hook module (x → y)B. Note that in the case when G has only a single edge
Representation-finite gendo-symmetric biserial algebras
Let (G, m) be a Brauer tree. We are going to use a certain subset W of H = H G to define a new algebra Γ W G,m by taking a quotient of a (larger) Brauer tree algebra. We will show that this algebra is a gendo-Brauer tree algebra Λ G,m , and eventually give a proof of Theorem A (Theorem 3.9). We will also explain which generators of a symmetric Nakayama algebra induce gendo-symmetric Nakayama algebras. Definition 3.1. A subset W of H is called special if there does not exist (x|y), (y|z) ∈ W so that (x → y → z) ∈ I (or equivalently, their associating vertices have different parity).
We say that a subset W of H has pure parity if all the vertices associated to elements of W have the same parity. Note that if W has pure parity, then it is special. We also regard the empty set W = ∅ as a special subset of H of pure parity.
All of the new vertices of G W will have valency 1 and multiplicity 1. The new edges of G W will all be leaves corresponding to elements of W ; the endpoints of the (new) leaf corresponding to (x|y) ∈ W is a new vertex and the vertex associated to (x|y). The cyclic ordering on G W is given by inserting (x|y) in between x and y.
We can visualise the data (G, W ) in a similar way as Brauer trees by showing the planar tree G W with the following modification:
• Edges in G are shown in solid lines with • at the endpoints (as usual).
• Edges in W (i.e. in G W \ G) are shown in solid lines with "propagation", whereas its attaching leaf vertex will not be shown.
We will show two examples in 3.5 and 3.4. In the case when we do not care whether an edge is in W or in G, then we will present it using a dashed line. The algebra Γ W G,m can be presented by the following generators and relations. Let Q G,W be the quiver obtained from Q G W by removing (loop) arrows (x|y) → (x|y) for all (x|y) ∈ W . Define an (inadmissible) ideal I of the path algebra KQ G,W generated by:
• (x → y → z) (resp. ((x|y) → y → z) and (x → y → (y|z))) if x and z are emanated from different endpoints of y, for all edges x, y, z in G;
mv for any edge x in G with endpoints u, v; It is also QF-3 because the simple socle of an indecomposable projective non-injective module is also a socle of an indecomposable projective-injective module.
Representation-finiteness follows from the fact that Brauer tree algebras are representation-finite and representation-finiteness is preserved by quotienting out an ideal I of an algebra A, since mod A/I is a full subcategory of mod A. It is clear that the algebra is special biserial, then the claim follows from the fact that representation-finite special biserial is the same as representation-finite biserial.
Example 3.4. Let B = Λ G,m be a symmetric Nakayama algebra which has n = 5 simple modules (up to isomorphism) and Loewy length w = 2 · 5 + 1 = 11. The set W = {(0|1), (2|3)} has pure parity. The combinatorial data can be presented as follows:
The special gendo-Brauer tree algebra A := Γ W G,m is also a Nakayama algebra with Kupisch series [15, 14, 15, 15, 14, 15, 15] . In fact, if we take M = rad e 0 B ⊕ rad e 2 B, then A ∼ = End B (B ⊕ M ).
Example 3.5. Consider the Brauer tree (G, m) given in Example 2.8. The combinatorial data (G, m, W ) with W = {(2|0), (2|3)} is visualised as follows:
: : : : : : : :
Note that, following the traditional convention in Brauer trees, the exceptional vertex is represented by the black node, in contrast to the other white nodes (vertex with multiplicity 1). It is clear from this visualisation that W is special but not of pure parity. The Loewy structure of the algebra Γ
Let e be the idempotent given by e 0 + e 1 + e 2 + e 3 . Roughly speaking, the effect of applying the Schur functor (−)e to Γ W G,m is to remove all the composition factors labelled by (2|0) and (2|3). The resulting diagram is then the same as the Loewy diagram of the generator
We warn the reader that we do not, and will not, define the projective non-injective Γ W G,m -module as a "hook module", even though it is isomorphic to a module generated by an arrow, i.e. e (x|y) Γ
We will only talk about hook modules over Brauer tree algebras. Proposition 3.6. The algebra Γ W G,m associated to a Brauer tree (G, m) and a special subset W is a (non-frozen) algebra of partial triangulation in the sense of [Dem] .
Proof. Since G is a planar tree, it can be embedded into a (2-dimensional) disc Σ with interior marked points. The vertices of G then become interior marked points of Σ. In particular, G is a partial triangulation of the marked surface (Σ, V ); see, for example, the top two pictures in Figure 1 , and [Dem] for details.
Consider the enlarged Brauer tree (G W , m W ) associated to a special subset W of H G . By construction, each (new) edge x in G W (not in G) has a unique endpoint, say v x , of valency 1. We then deform the marked surface by "pushing" the marked point v x onto the boundary; see the bottom two pictures in Figure 1 for the case when (G, m, W ) is given by Example 3.5. In other words, the new marked surface consist of the same surface (a disc) with interior marked points (corresponding to vertices in G) and marked points on the boundary (corresponding to v x for a new edge x). Let M be the set of marked points constructed in this process. Clearly G W is still a partial triangulation on the marked surface (Σ, M).
Following the notation in [Dem] , for each M ∈ M, we define λ M = 1 and m M as the multiplicity of the corresponding vertex in
in the sense of [Dem] . One only needs to check that the quiver and defining relations of Γ W (G,m) are exactly those of A.
• Lemma 3.7. Let A be the algebra Γ W G,m , and B be the basic Brauer tree algebra Λ G,m . Then A is isomorphic to End B (B ⊕ M ), where M is a direct sum of hook modules M (x, y) = (x → y)B over (x|y) ∈ W . In particular, A is a gendo-Brauer tree algebra.
Proof. For simplicity, we denote by P x the indecomposable projective B-module e x B. We also denote by id x and by id (x|y) the identity maps on P x and on M (x, y) respectively.
We start by giving the following remark which will be used several times in the sequel. If (x|y) ∈ H G is associated to a vertex v, then there is a unique element (x|z) (resp. (z|y)) in H G with z = y which is associated to a different endpoint of x (resp. y). It then follows from the assumption on W that if M (x, y) is a direct summand of M , then there is no direct summand of M of the form M (z, y) and M (x, z).
We now analyse homomorphisms between the indecomposable summands of B ⊕ M . It follows from Proposition 2.9 (4) (or simply by observing the Loewy structure) that
where v is the vertex associated to (x|y) ∈ W . Note that End B (M (x, y)) ∼ = K[α]/(α mv ) for all (x|y) associated to v where α represents the map given by left-multiplying the cycle ρ x,v . Likewise, if u, u are endpoints of an edge x with m u ≥ m u , then End B (P x ) ∼ = K[β]/(β mu+1 ) with β representing the left-multiplication map ρ x,u · −. Thus, the space Hom B (P y , M (x, y)) is uniserial as left End B (M (x, y))-and as right End B (P x )-module. The generator of this uniserial left/right module is given by left-multiplying (x → y) on P y . We denote this surjective map by π (x|y) .
Note also that π (x|y) is isomorphic (equal up to composing isomorphisms) to the projective cover (map) P y → M (x, y) ∼ = P y /(y → z)B, where (y → z) is the unique arrow in Q G so that (y|z) is associated to the other endpoint of y.
Dually, dim Hom B (P z , M (x, y)) is given by the same formula as dim Hom B (M (x, y), P z ), using the fact that B is a symmetric algebra. The uniserial left End B (M (x, y) )-(resp. right End B (P z )-) module is generated by the canonical embedding ι (x|y) : M (x, y) → P x .
The module M (x, y) is uniserial with radical filtration given by going around the cyclic ordering around an endpoint v of x for m v times, starting with x. It is then easy to see that we have dim Hom B (M (w, z), M (x, y)) = m v if both (x|y) and (w|z) are associated to v; 0 otherwise.
If the space Hom B (M (w, z), M (x, y)) is non-zero, then it is generated, as left End B (M (w, z)) (resp. right End B (M (x, y))) module, by the map
, where (y w) is the shortest simple path from y to w in Q G .
If (x|y) is not in W , then the irreducible map P y → P x , which is given left-multiplying (x → y), remains irreducible in End B (B ⊕ M ); otherwise, it is equal to ι (x|y) π (x|y) .
From the above analysis, we have obtained the irreducible maps in End B (B ⊕ M ). This allows us to define a surjective map φ :
It is not difficult to see that I ⊂ ker φ. To finish the proof, we can simply count the dimension of the K-vector spaces on both sides of φ. Indeed, we have already obtained every entry of the Cartan matrix of End B (B ⊕ M ). It is routine to check that this is the same as the Cartan matrix of Γ W G,m , which completes the proof.
If B is a Brauer tree algebra associated to (G, m), and M is a (possibly zero) direct sum of hook B-modules, then we say that M is special if the additive generator of add(M ) is isomorphic to (x|y)∈W M (x, y) for some special subset W . We call a gendo-Brauer tree algebra special if it is Morita equivalent to Γ W G,m for some special subset W of H G . This is the same as saying that it is isomorphic to an endomorphism ring of a direct sum of a progenerator with a special direct sum of hook modules over a Brauer tree algebra.
Since a special gendo-Brauer tree algebra A is uniquely determined by the datum (G, m, W ) up to Morita equivalence, we can define the exceptional multiplicity of a A as the exceptional multiplicity of the Brauer tree (G, m).
Our next step is to show that all representation-finite gendo-symmetric biserial algebras are special gendo-Brauer trees. The key lemma needed to obtain this result is the following.
Lemma 3.8. Let B be a Brauer tree algebra associated to (G, m) and M an indecomposable B-module.
(
Proof. Without loss of generality, assume B is basic.
(1): Let A := End B (B ⊕ M ) be given as a bounded path algebra KQ/I with admissible ideal I. Let x be the vertex in Q corresponding to M . Then the restriction of the projective cover (resp. injective envelope) map of M to an indecomposable summand P y = e y B induces an arrow x → y (resp. y → x) in Q. Fix now one such arrow x → y (corresponding to π y : P y → M ).
If M is simple but P y is not uniserial (i.e. M is a non-hook simple module), then y has three outgoing and three incoming arrows in Q. This clearly says that End B (B ⊕ M ) not special biserial.
If M has Loewy length greater than one, then there is a vertex z so that y → z is an arrow in Q G and post-composing π y with the left-multiplication map (y → z) · − : P z → P y gives a non-zero map P z → M . Suppose w is the predecessor of y around the vertex associated to (y|z). If M (w → y)B, then the left-multiplication map (w → y) · − : P y → P w does not factor through π y . This means that w → y remains as an arrow in Q, i.e. Q has the following subquiver:
The left-multiplication map (w → y → z)·− : P z → P w and the composition π y •((y → z)·−) : P z → M now corresponds to paths (x → y → z) and (w → y → z) in Q. Since both of these maps are non-zero, the corresponding paths are not in the admissible ideal I. Thus, A is not special biserial.
(2): If M is a hook module isomorphic to M (z, x) = (z → x)B, then there must be a non-zero map
given by mapping the simple top of M to the simple socle of Ω(M ). Since none of the irreducible maps between projectives factor through α, there is an arrow (z|x) → (x|y) in the quiver Q of A := End B (B ⊕ M ⊕ Ω(M )), where (z|x) and (x|y) are the vertices in Q corresponding to M and Ω(M ) respectively.
Similar to the proof of Lemma 3.7, the injective envelope ι (x|y) : Ω(M ) → P x and the projective cover π (x|y) : P y → Ω(M ) induce arrows in Q which "split" the arrow (x → y) in the quiver of Q.
On the other hand, α does not factor through any of the irreducible maps between projectives, so the non-zero compositions ι (x|y) α : M → P x and ι (x|y) π (x|y) = (x → y) · − : P y → P x induces non-zero paths (x → (x|y) → (z|x)) and (x → (x|y) → y) respectively in KQ/I ∼ = A. Thus, the endomorphism algebra A is not special biserial.
Theorem 3.9. Representation-finite gendo-symmetric biserial algebras are gendo-Brauer tree algebras. Moreover, the following are equivalent for an algebra A.
(1) A is a special gendo-Brauer tree algebra.
(2) A is a representation-finite gendo-symmetric biserial QF-2 algebra.
(3) A is a representation-finite gendo-symmetric biserial algebra.
(4) A is Morita equivalent to End B (B ⊕ M ) over a Brauer tree algebra B, where M is a (possibly zero) direct sum of hook modules whose indecomposable summands are pairwise stably orthogonal. Additionally, the algebraic characterisation of Brauer tree algebras can be obtained as a special case by putting M = 0 in (4), which is equivalent to taking away "special gendo-" (resp. "gendo-") in (1) (resp. (2) and (3)).
Proof. (1)⇒(2): This is Lemma 3.7 and Lemma 3.3 combined.
(2)⇒(3): trivial. For the rest of the proof, we assume, without loss of generality, that all the algebras involved are basic.
(3)⇒(1): We can assume A is not symmetric, otherwise the implication is trivial. Choose e such that eA is a minimal faithful projective-injective A-module, then the idempotent e has the property that B := eAe is symmetric and A ∼ = End B (B ⊕ M ) for some (without loss of generality, basic) direct sum M of non-projective indecomposable modules.
Since the properties of being special biserial and being representation-finite are preserved under taking idempotent truncation, the algebra B is representation-finite special biserial. This implies that B is a Brauer tree algebra.
If there is a non-hook indecomposable direct summand N of M , then by Lemma 3.8 (1) an idempotent truncation of A, which is isomorphic to End B (B ⊕ N ), becomes non-special biserial. This contradicts the fact that A is special biserial, and so M is a direct sum of hook modules (or zero).
Likewise, by Lemma 3.8 (2), there cannot be an indecomposable (hook) summand N of M such that Ω(N ) is also a direct summand of M . In particular, we have add(M ) ∩ add(ΩM ) = 0. Note that if we write M as (x|y)∈W M (x, y), then add(M ) ∩ add(ΩM ) = 0 is equivalent to W being a special subset of H G , where G is the underlying planar tree associated to B.
(1)⇔(4): By definition, A is Morita equivalent to End B (B ⊕ M ) for some Brauer tree algebra B and some B-module M given by a direct sum of hook modules. Similar to the previous part of the proof, we only need to show the case when M = 0. Without loss of generality, we assume that M = r i=1 M i such that all the M i 's are indecomposable and pairwise non-isomorphic.
Recall that the stable homomorphism space Hom B (X, Y ) is non-zero if and only if Y is in the forward hammock of X. Therefore, under the additional assumption that X, Y are hook modules, Hom B (X, Y ) = 0 is equivalent to Y ∼ = Ω(X). In particular, Hom(M i , M j ) = 0 for all i, j ∈ {1, 2, . . . , r} if, and only if, Ω(M k ) / ∈ add(M ) for all k ∈ {1, 2, . . . , r}. This is equivalent to saying that add(M ) ∩ add(ΩM ) = 0. The remaining argument is then the same as the last paragraph in the previous part of the proof.
If we restrict from biserial to uniserial, then we have the following explicit description.
Corollary 3.10. Let A be a gendo-symmetric Nakayama algebra with n + r simple modules (up to isomorphism) and n indecomposable projective-injective modules. Then A is isomorphic to
where B is a symmetric Nakayama algebra with n simple modules and Loewy length w = nm + 1 for some d ≥ 1, and x 1 , x 2 , . . . , x r is a strictly increasing sequence of integers in {0, 1, . . . , n − 1}. In particular, the Kupisch series of A can be obtained by inserting (n + r)m between the x i -th and the (x i + 1)-st entry in the n-term series [(n + r)m + 1, (n + r)m + 1, . . . , (n + r)m + 1], for each i ∈ {1, . . . , r}.
Proof. It follows from the equivalence of (1) and (3) in Theorem 3.9 that A is a special gendo-Brauer tree algebra. In particular, if we write A ∼ = End B (B ⊕ M ) with a symmetric algebra B, then B must be a symmetric Nakayama algebra Morita equivalent to Λ G,m for a Brauer star (G, m). Since the quiver of A is cyclic, every element of the associating special subset of H G must be of the form (i|i + 1) for some i (c.f. the proof of Lemma 3.7), which corresponds to the hook module M (i, i + 1) ∼ = rad(e i B).
We remark that part of this corollary is obtained as a special case of [Yam2] , which says that the endomorphism ring of a generator over a self-injective Nakayama algebra B is also a Nakayama algebra if and only if the indecomposable non-projective modules in the generator is a summand of the rad B. Our corollary gives an extra information about the Kupisch series of this endomorphism algebra in the case when B is symmetric.
Almost ν-stable derived equivalences
Almost ν-stable derived equivalences were introduced in [HuXi1] to narrow down the study of derived equivalences to those that preserve homological dimensions. In subsection 4.1, we recall the definition and several related results.
We then use these results in subsection 4.2 to prove Theorem B (Theorem 4.7), which classifies special gendo-Brauer tree algebras up to almost ν-stable derived equivalences. With the help of a well-known theory in enumerative combinatorics, the classification theorem allows us to count the number of almost ν-stable derived equivalence classes of algebras (Proposition 4.11) with a given number of indecomposable projective-injectives and exceptional multiplicity. 4.1. General theory. An A-module map f : X → Y is radical if for any A-module Z and maps h : Z → X, g : Y → Z, the composition gf h is not an isomorphism. In other words, f being radical is the same as saying f ∈ rad(mod A). A complex is radical if all of its differential maps are radical. We note that to every derived equivalence F between two algebras A and C with inverse G, there are tilting complexes
associated to F and G respectively (in the sense that F (T • ) ∼ = C C and G(S • ) ∼ = A A ) which are radical (see [HuXi1] ). 
Note that for a symmetric algebra, the Nakayama functor is isomorphic to the identity functor, so for symmetric algebras derived equivalences coincide with almost ν-stable derived equivalences.
Recall the following results from [HuXi1] .
Theorem 4.2. ([HuXi1])
Let F be an almost ν-stable derived equivalence between two algebras A and B.
(1) F induces a stable equivalence of Morita type F : modA → modB.
(2) A and B have the same global, dominant, finitistic dimensions, and the same number of indecomposable projective-injective modules. (3) End A (A ⊕ X) and End B (B ⊕ F (X)) are almost ν-stable derived equivalent. In particular, if A is self-injective and X has no projective summands, then
For completeness, we give a proof that almost ν-stable derived equivalences also preserve the Gorenstein dimension.
Corollary 4.3. If A is d-Iwanaga-Gorenstein and B is almost ν-stable derived equivalent to A, then B is also d-Iwanaga-Gorenstein.
Proof. By a result of Happel [Hap] , an algebra A is Iwanaga-Gorenstein if and only if there is an equivalence of bounded homotopy categories
. Thus, being Iwanaga-Gorenstein is invariant under derived equivalence. Assume B has finite Gorenstein dimension, say d . In particular, this means that the finitistic dimension of B is also d . On the other hand, the finitistic dimension of A is the same as its Gorenstein dimension d, so Theorem 4.2 (2) implies that d = d.
The following is a "converse result" of Theorem 4.2 (3).
Theorem 4.4. LetF be an almost ν-stable derived equivalence between two gendo-symmetric algebras End A (A ⊕ M 1 ) and End B (B ⊕ M 2 ), where M i are basic non-zero modules without projective summands. Then the symmetric algebras A and B are (almost ν-stable) derived equivalent. Furthermore,F induces a stable equivalence F : modA → modB with F (M 1 ) = M 2 .
Proof. The fact that A and B are also almost ν-stable derived equivalent follows from [HuXi1, Corollary 3.10]. Let C and E be the gendo-symmetric algebra End A (A ⊕ M 1 ) and End B (B ⊕ M 2 ) respectively.
In [HuXi1, Lemma 3.1], it was shown that for any C-module X,F (X) is isomorphic to a complex of the form [HuXi1, Prop 3.8] ). Now we defineF (X) = Q 0 X regarded as an object in mod E/[prinj E]. By the proof of [HuXi1, Lem 3.1], if X is a projective-injective C-module, thenF (X) is also projective-injective. Moreover, using [HuXi1, Prop 3.4] , one can show thatF gives a well-defined equivalence between the categories mod C/[prinj C] and mod E/[prinj E].
Let e (resp. f ) be an idempotent such that eC (resp. f E) is the unique minimal faithful projectiveinjective C-module (resp. E-module). Recall that the Schur functor (−)e is an equivalence between Dom 2 (C) and mod A (as A ∼ = eCe) which sends projective-injective C-modules to projective(-injective) A-modules. Hence, there is an equivalences Dom 2 (C)/[prinj C] modA. Similarly, we have
Using these equivalences, we can define an equivalence F : modA → modB which fits in the following commutative diagram:
In other words, F (Xe) = Q 0 X f for any X ∈ Dom 2 (C). Note that Ce ∼ = (1 − e)Ce = M 1 and Ef ∼ = (1 − f )Ef = M 2 in modA and modB respectively, as C and E are gendo-symmetric with eCe ∼ = A and f Ef ∼ = B.
Since 
. Derived equivalence between C and E implies that |M 1 | = |M 2 |. Since stable equivalence preserves indecomposability, and both M 1 and M 2 are basic without projective summand, we have M 2 ∼ =F (M 1 ).
If we weaken the condition to arbitrary derived equivalent between gendo-symmetric algebras, then there is still a derived equivalence between the corresponding symmetric algebras, by combining the derived restriction theorem in [FHK] and Rickard's theorem [Ric] .
Corollary 4.5. Suppose A, B are representation-finite symmetric algebras, and M, N are basic modules over the respective algebras without projective direct summands. The gendo-symmetric algebras End A (A⊕ M 1 ) and End B (B ⊕ M 2 ) are almost ν-stable derived equivalent if, and only if, there exists a stable equivalence F : modA → modB with F (M 1 ) = M 2 which is induced by a derived equivalence F :
Proof. If there exists a stable equivalence F : modA → modB with F (M 1 ) = M 2 which is induced by a derived equivalence F :
Conversely, if End A (A ⊕ M 1 ) and End B (B ⊕ M 2 ) are almost ν-stable derived equivalent, then by Theorem 4.4 there is a stable equivalence F : modA → modB with F (M 1 ) = M 2 . Now the claim follows the fact that stable equivalences between representation-finite symmetric algebras are induced by a derived equivalence. This fact is shown in [Asa] for the so-called standard case, and in [Dug, Sec 5] for the non-standard case.
The following result somewhat generalises a result of Rickard [Ric2] where he proves that the property of being a symmetric algebra is derived invariant. Theorem 4.6. Let A be a gendo-symmetric algebra. If B is almost ν-stable derived equivalent to A, then B is also gendo-symmetric.
Proof. Let E (resp.Ê) be the basic direct sum of projective-injective A-modules (resp. B-modules) X which satisfie the property that ν i (X) is again projective-injective for all i ≥ 1. It follows from [HuXi1, Cor 3.10] that End A (E) and End B (Ê) are derived equivalent and self-injective. In particular, we have |E| = |Ê|.
A being gendo-symmetric implies that there is an idempotent e of A so that eA is minimal faithful projective-injective with eA ∼ = D(Ae) as (eAe, A)-bimodules. We first claim that eA = E. Indeed, eA ∼ = ν A (eA) as (right) A-modules implies that eA is a direct summand of E, whereas add(eA) = prinj A ⊃ add(E) says that E is a direct summand of eA.
Theorem 4.2 (2) also says that A and B have the same number of (isoclasses of) indecomposable projective-injective modules, which is precisely |E| = |Ê| by the previous claim. This implies thatÊ must be the basic direct sum of all projective-injective B-modules.
Another key property of A is that domdim(A) ≥ 2. By Theorem 4.2 (2), almost ν-stable derived equivalences preserve dominant dimension, so we have domdim(B)≥ 2. This means that there is an idempotent f of B so that f B is a minimal faithful projective-injective module, which in turns gives add(f B) = prinj B. SinceÊ is basic and prinj B = add(Ê) as we shown earlier, we get that f B =Ê. In particular, the centraliser f Bf ∼ = End B (Ê) is self-injective. In fact, End B (Ê) is symmetric, because it is derived equivalent to the symmetric algebra eAe ∼ = End A (E). This shows that B is gendo-symmetric.
We remark that Theorem 4.4, Corollary 4.5, and Theorem 4.6 also hold for Morita algebras (i.e. endomorphism algebra of generator over self-injective algebra) by replacing "gendo-symmetric" with "Morita" in the statement. The proof of the first two applies verbatim to the Morita algebra setting. The Morita algebra version of Theorem 4.6 can be proved using a similar method as the one we have shown with careful tweaks. In [FHK] , the authors proved the case in a more general setting when A, B are both Morita algebra with at most one non-injective indecomposable projective module.
4.2. The case of special gendo-Brauer trees. The following is the gendo-symmetric version of the fact that representation-finite symmetric biserial algebras are invariant under derived equivalence.
Theorem 4.7. An algebra almost ν-stable derived equivalent to a special gendo-Brauer tree algebra is also a special gendo-Brauer tree algebra. Moreover, for a special gendo-Brauer tree algebra A ∼ = End B (B ⊕M ), where B has n isomorphism classes of simples and exceptional multiplicity m, there exists a symmetric Nakayama algebra B of Loewy length mn + 1 with n isomorphism classes of simples, and a subsequence (x 1 , x 2 , . . . , x r ) of (0, 1, . . . , 2n − 1) satisfying x i+1 − x i ≡ 1 mod 2n for all i ∈ Z/rZ, such that A is almost derived ν-stable equivalent to
Proof. Suppose now we have a special gendo-Brauer tree algebra A of the form End B (B ⊕ M ) for some Brauer tree algebra B and a special direct sum M of hook modules.
Let C be an algebra almost ν-stable derived equivalent to A. Then C is also gendo-symmetric by Theorem 4.6. Up to Morita equivalence, we can write C = End B (B ⊕ M ) for some symmetric algebra B and some module M without projective direct summands. By Theorem 4.4, there is a derived equivalence F between B and B which induces a stable equivalence F with
Recall that hook modules are precisely modules which lie on the boundaries of the stable AuslanderReiten quiver. Since stable equivalences preserve the stable Auslander-Reiten structure, it now follows that M must also be a direct sum of hook modules. Moreover, by the definition of being a special direct sum, speciality is preserved under stable equivalences. This means that M is special and C is a special gendo-Brauer tree algebra.
For the last statement, first recall that every Brauer tree algebra is derived equivalent to a symmetric Nakayama algebra [Ric] . Therefore, we can take B to be a symmetric Nakayama algebra. The characterisation of the sequence follows from Theorem 3.9 (4) and Proposition 2.4.
Recall that Brauer tree algebras are precisely algebras derived equivalent to a symmetric Nakayama algebra. It is therefore natural to refine the statement above to describe more specifically algebras which are almost ν-stable derived equivalent to a gendo-symmetric Nakayama algebra.
Theorem 4.8. The following are equivalent:
(1) C is a basic algebra almost ν-stable derived equivalent to a gendo-symmetric Nakayama algebra.
(2) C is a special gendo-Brauer tree algebra Γ W G,m of pure parity.
, where B is a basic Brauer tree algebra, and M is a basic direct sum of hook modules in a single τ -orbit. (4) There is a Brauer tree algebra B = Λ G,m with n simple modules (up to isomorphism) and a subsequence (x 1 , x 2 , . . . , x r ) of (0, 1, . . . , n − 1) so that
for some hook module M . (5) Same statement as (4) with an additional condition that M is either the simple top or the radical of a uniserial projective module.
Proof. (5): By (2.3.1) and Proposition 2.9, the simple top and the radical of a uniserial projective B-module are hook modules lying in distinct τ -orbits.
(5)⇔(1): By Corollary 3.10, a gendo-symmetric Nakayama algebra is isomorphic to End B (B ⊕ r i=1 rad e xi B ) for a Nakayama algebra B and a subsequence (x 1 , x 2 , . . . , x r ) of (0, 1, . . . , n − 1). Since τ ∼ = Ω 2 for symmetric algebras, the equivalence of the two statements now follows from the same argument as Theorem 4.7.
In general, there are plenty of derived equivalences which are not almost ν-stable. This holds true even in the case of special gendo-Brauer tree algebra (and also in the pure parity case). The following is one such example.
Example 4.9. Let A be the special gendo-Brauer tree algebra Γ W G,m associated to (G, W, m) shown in the following.
•
There is a tilting complex T := T x ⊕ A/e (0|0) A, where T x is the complex (e (0|0) A −→ e 0 A) whose differential is the natural embedding of e (0|0) A as a submodule of e 0 A. This complex can be obtained by performing an irreducible mutation of A with respect to e (0|0) A in the sense of [AihIya] .
In particular, it suffices to check that Hom K b (proj A) (T, T [−1]) = 0 in order to show that it is tilting. Indeed, the only map from A/(e (0|0) A) to the degree −1 component of T x is the map from e 0 A to the radical of e (0|0) A, which does not compose with the natural embedding to a zero map. Therefore, we have Hom(A/(e (0|0) A), T x [−1]) = 0, which implies Hom(T, T [−1]) = 0. Clearly, this is not a tilting complex associated to some almost ν-stable derived equivalence as both degree −1 and degree 0 terms have projective non-injective summands. Note that the endomorphism ring of T in this example is the gendo-symmetric Nakayama algebra with Kupisch series [6, 5, 6, 5, 6] . In particular, this shows that there exist more general derived equivalences between gendo-symmetric algebras.
4.3.
Counting almost ν-stable derived equivalence classes. Theorem 4.7 provides us a way to count the number of almost ν-stable derived equivalence classes of special gendo-Brauer tree algebras. We turn this counting problem into a well-known problem in enumerative combinatorics on counting circular codes. For completeness, we give a brief review on the subject based on [PerRes, Ch 8.3 .3], then we will explain how we obtain the counting formulae.
Let A be an alphabet (i.e. a finite set). Denote by A * the set of all words (of finite length) in this alphabet. We denote the trivial (or empty) word by 1. Recall that two words x, y are called conjugate if there exists words u, v such that x = uv and y = vu; intuitively, this means that x and y are cyclic shift of each other. A necklace is a conjugacy class of words, i.e. a (class of a) word up to cyclic permutation of letters. A necklace containing the word x 1 x 2 · · · x n can be visualised by putting x i counter-clockwise around a regular convex n-gon.
A subset X ⊆ A * is called a code if the equality of words x 1 x 2 · · · x n = y 1 y 2 · · · y m for x i , y j ∈ X implies n = m and x i = y i for each i. Denote by X * the set of words generated by X, i.e. the set of all words of the form x 1 x 2 · · · x n with x i ∈ X. The generating function of a code X is
where u n be the number of words in X of length n. Note that we always count the length of a word with respect to the original alphabet A. We also define a function
where s n be the number of words of length n with a conjugate in X * . A circular code X is a code which satisfies the property that for x 1 , x 2 , . . . , x n , y 1 , y 2 , . . . , y m ∈ X and p, s ∈ A * with s = 1, the equalities sx 2 x 3 · · · x n p = y 1 y 2 · · · y m of words and x 1 = ps imply that n = m, p = 1, and x i = y i for all i. Roughly speaking, it is a code X such that any necklace has a "unique factorisation" in words of X. The functions s X (z) and u X (z) for a circular code X satisfy the following equation:
where u X (z) is the derivative of the polynomial u X (z). See [PerRes, Theorem 8.3 .10] for a proof. In particular, if the generating function u X (z) is a rational function, then so is s X (z). In which case, one can write down a recurrence equation which gives explicit formulae of the coefficients using well-known techniques (see [Sta, 4 .1] for example). Let c n be the number of necklaces, counting up to rotational symmetry, of length n with a conjugate in X * for a circular code X. Then we have
where φ is the Euler-totient function. See [PerRes, Prop 8.3 .6] for the case when X = {w, b}; the argument therein can be generalised for circular codes as noted at the end of the section in loc. cit.. Example 4.10. As far as our goal is concern, we are only interested in counting the following two circular codes, where the alphabet A = {w, b} is given by two letters: white w and black b.
(1) Consider the circular code X = {w, b}. The generating function is u X (z) = 2z, and so s X (z) =
The coefficient s n is now 2 n , which means that
(2) Consider now the circular code X = {w, bw}; see also [PerRes, Example 8.3.11] . The generating function is now u X (z) = z + z 2 , which yields s X (z) = z(1+2z) 1−z−z 2 . The coefficients s n of s X (z) then satisfies the following recurrence relation:
Therefore, s n is just the (n-th) Lucas number (see, for example, [Va] )
Now, the number of necklaces in X * of length n up to rotational symmetry is
Proposition 4.11. For a given positive integer m ≥ 1, we have the following formulae.
(1) The number of almost ν-stable derived equivalence (resp. Morita, resp. stable equivalence of Morita type) classes of gendo-symmetric Nakayama algebras with n isomorphism classes of indecomposable projective-injective module and exceptional multiplicity m is
(2) The number of almost ν-stable derived equivalence classes (resp. stable equivalence of Morita type) of special gendo-Brauer tree algebras with n isomorphism classes of indecomposable projectiveinjective module and exceptional multiplicity m is
where L d is the d-th Lucas number.
Proof.
(1): By our assumption and Corollary 3.10, we can choose our representative so that it is given by End B (B ⊕ r i=1 τ yi (rad e 0 B)) for a subsequence (y 1 , y 2 , . . . , y r ) of (0, 1, . . . , n − 1) and a symmetric Nakayama algebra B with n isomorphism classes of simples and multiplicity m. Combining with Theorem 4.7, the gendo-symmetric Nakayama algebras determined by (y 1 , y 2 , . . . , y r ) and (y 1 , y 2 , . . . , y s ) are almost ν-stable derived equivalence if, and only if, r = s and there exists k such that y i = y i + k for all i ∈ {1, 2, . . . , r}. Moreover, it is easy (for example, using Kupisch series) to see that in such a case, the gendo-symmetric Nakayama algebras are also Morita equivalent (given by the automorphism which "rotates" one quiver to another).
This characterisation means that we can parametrise a representative algebra by colouring the vertices {y 1 , y 2 , . . . , y r } by black and the remaining by white in the underlying graph of the quiver (and forget the labelling of the vertices). This is the same as specifying a bicoloured necklace with n pearls up to rotational symmetry. Such configurations are counted by the number c n associated to the circular code X = {w, b}. The statement for almost ν-stable derived equivalence and Morita equivalence now follows from Example 4.10 (1). The statement for stable equivalence of Morita type then follows from applying [HuXi3, Thm 1.1] to special gendo-Brauer tree algebras.
(2): Similar to (1), given m and n, the representative is given by a subsequence x := (x 1 , x 2 , . . . , x r ) of (0, 1, . . . , 2n − 1) up to "constant shifts" in all entries. Note that the requirement of being special means that (i, i + 1) is not a subsequence of x. In other words, counting equivalence classes is the same as counting bicoloured necklaces of length 2n associated to the circular code X = {w, bw}, up to rotational symmetry. The statement for almost ν-stable derived equivalence now follows from Example 4.10 (2). Again, the statement for stable equivalence of Morita type follows from [HuXi3, Thm 1.1].
Homological properties of special gendo-Brauer tree algebras
We recall a classical combinatorial tool -the Green's walk around a Brauer tree [Gre] . Classically, this tool is used to describe the injective coresolutions of the hook modules of the associated Brauer tree algebra. In the setting of special gendo-Brauer tree algebras, it turns out that we can use the Green's walk around a Brauer tree to write down a formulae for the Gorenstein and dominant dimension of special gendo-Brauer tree algebras. We will also determine which special gendo-Brauer tree algebras have finite global dimension later in the section. These formulae combine to classify special gendo-Brauer tree algebras which appear as higher Auslander algebras in the sense of [Iya1, Iya2] .
Definition 5.1. Let G := (G, σ) be a planar tree with n edges. The clockwise Green's walk around G is the unique, up to cyclic permutation, sequence (v 0 , x 1 , v 1 , x 2 , . . . , x 2n , v 2n ) of vertices v i and edges x j of G so that
• v i−1 , v i are the two distinct endpoints of x i for all i ∈ {1, 2, . . . , 2n}, • x i+1 is the predecessor of x i around v i for all i ∈ {1, 2, . . . , 2n} for all i ∈ {1, 2, . . . , 2n}, where x 2n+1 := x 1 .
We will always use the following convention unless otherwise stated: addition in the subscripts of vertices and edges appearing in a Green's walk is always taken modulo 2n.
Remark 5.2. For a clockwise Green's walk as in the definition, (x i+1 → x i ) is an arrow in Q G for all i ∈ {1, 2, . . . , 2n}. Conversely, for (x|y) ∈ H = H G , there exists a unique i so that x = x i+1 , y = x i and the associating vertex of (x|y) is precisely v i . In particular, we remark that the term 'clockwise' emphasises that we "walk around G" in the opposite direction of the cyclic orderings (direction of arrows).
Example 5.3. Consider the planar tree from Example 2.8.
Let u i be the vertex attached to edge i furthest away from the valency 3 vertex u. The clockwise Green's walk is
The arrows in the picture represent a subsequence (x i , v i , x i+1 ), which are the arrows in Q G reversed.
Fix a planar tree G with any multiplicity m. Let B be a Brauer tree algebra associated to (G, m). For (x|y) ∈ H, we denote by I Lemma 5.4. Let B be the Brauer tree algebra Λ G,m , and (v 0 , x 1 , v 1 , x 2 , . . . , x 2n , v 2n ) be the clockwise Green's walk around G. For any i ∈ {1, 2, . . . , 2n} and non-negative integer k, we have
Proof. Follows from the proof of the equivalence between (3) and (4) in Lemma 2.9.
We can use Lemma 5.4 to describe the minimal injective coresolutions of the indecomposable projective non-injective module of a special gendo-Brauer algebra A associated to (G, m) and special subset W of H as follows. For simplicity, we assume without loss of generality that all algebras are basic. In particular, we fix A := Γ W G,m , which is a quotient of a Brauer tree algebra C := Λ G W ,m W . Let (v 0 , x 1 , v 1 , . . . , v 2n ) be the clockwise Green's walk of the enlarged planar tree G W . Note that we warp around and go back to v 0 if we reach v 2n while going along the clockwise Green's walk.
Each (x|y) ∈ W corresponds to a unique index i so that x = x i+2 and y = x i−1 , or equivalently, x i = x i+1 is the edge in G W which corresponds to the projective non-injective A-module e (x|y) A. Let ω be the set of all the indices which correspond to elements of W in this sense. Define η(i) to be the first index after i so that x η(i)+1 = x η(i) with (x η(i)+2 |x η(i)−1 ) ∈ W . This defines a function η : ω → ω.
Lemma 5.5. Suppose (x|y) ∈ W corresponds to i ∈ ω. Then the injective coresolution of the indecomposable projective non-injective A-module e (xi+2|xi−1) A is
Proof. Since A ∼ = C/I for some ideal I by definition, the image of the A-module P := e (xi+2|xi) A under the canonical fully faithful embedding mod A → mod C is the hook C-module M := M (x i+2 , x i+1 ).
Using Lemma 5.4, one can see that the injective coresolution of P as A-module matches up with that of M (as C-module) up to the point where the cosyzygy has (simple) socle corresponding to an element of W . Observe that this element is precisely x η(i) and the cosyzygy
It is easy to see that the preimage of M (x η(i) , x η(i)−1 ) under the aforementioned embedding is just the injective hull of the simple A-module corresponding to x η(i) . This gives the last non-zero term of the injective coresolution as claimed.
Proposition 5.6. Let A be a non-symmetric special gendo-Brauer tree algebra associated to (G, m, W ) with n isomorphism classes of simples. Then we have
and domdimA = min
where k := (k mod 2n) if k 2n, otherwise k := 2n. In particular, every special gendo-Brauer tree algebra is Iwanaga-Gorenstein and its Gorenstein dimension is independent of the exceptional multiplicity.
Proof. Taking the direct sum of the injective coresolutions over all indecomposable projective module over A := Γ W G,m , we obtain the minimal injective coresolution of the regular A-module. The formulae can then be obtained using Lemma 5.5. Therefore, the algebra A is 5-Iwanaga-Gorenstein with dominant dimension 3.
Similarly, for the algebra in Example 3.4, we obtain the clockwise Green's walk ((0|1), 0, 0, 4, 4, 3, 3, (2|3), (2|3), 2, 2, 1, 1, (0|1)), which means that the algebra is 6-Iwanaga-Gorenstein with dominant dimension 4.
We now investigate the global dimension of special gendo-Brauer tree algebras.
Lemma 5.8. If A = Γ W G,m is a special gendo-Brauer tree algebra which is not of pure parity, then gldimA = ∞.
Proof. Let u, v be the associating vertices of (x|y), (w|z) ∈ W respectively. There is a walk (u = v 0 , x 1 , v 1 , x 2 , . . . , x k , v k = v) on G connecting the vertices u, v. Define x 0 := x and x k+1 := w. By assumption k is odd, so there is a map φ :
where the entry φ a,b : e xa A → e x b A of φ is given by zero if |a − b| > 1, or by left-multiplying the shortest path from x b to x a otherwise. One can then check that the indecomposable A-module coker φ is isomorphic to ker φ, for example, by using its Loewy structure:
which gives the syzygy
This means that the module cokerφ is periodic, and so the algebra A has infinite global dimension.
Lemma 5.9. Let A be a gendo-symmetric Nakayama algebra with n + r isomorphism classes of simple modules, n isomorphism classes of projective-injective modules, and Loewy length (n + r)m + 1. Then A has finite global dimension if and only if r = 1 and m = 1. Moreover, in such a case, the global dimension is exactly 2n and equals the Gorenstein and dominant dimension of A.
Proof. ⇐: Without loss of generality, the Kupisch series of A is [n + 1, n + 2, n + 2, . . . , n + 2, n + 2] for some n ≥ 1. Note that Ω 1 (S n ) ∼ = rad(e n A) ∼ = e 0 A, and so S n has projective dimension 1. For i = n and i = 0, since e i A and e i+1 A are both projective-injective, it is easy to see that Ω 2 (S i ) ∼ = S i+1 . This gives pdim(S i ) = 2 + pdim(S i+1 ). This shows that for i = 0, pdim(S i ) ≤ pdim(S 1 ) = 2n − 1.
For the syzygies of S 0 , it is not difficult to check that
This gives pdim(S 0 ) = 2n, which is also the Gorenstein and dominant dimension of A by Proposition 5.6. ⇒: Suppose r > 1 and m = 1. Assume without loss of generality that e 0 A and e k A have Lowey length n + r for some k = 0. Consider the module M = rad n+r−k (e k A), then we have Ω(M ) ∼ = rad k (e 0 A) and
For m ≥ 2, take M = rad n+r (e 0 A) and assume that e 0 A has Loewy length (n + r)m, then a similar calculation shows that Ω 2 (M ) ∼ = M . We now have an A-module M with periodic minimal projective resolution, which implies that A has infinite global dimension.
Recall from [Iya1, Iya2] that an algebra A is a (d − 1)-Auslander algebra for some integer d ≥ 2 if gldimA ≤ d ≤ domdimA.
Proposition 5.10. Let A be a special gendo-Brauer tree algebra associated to (G, m, W ). Then A has finite global dimension if and only if m ≡ 1 and |W | = 1. Moreover, in such a case, A is a (2n − 1)-Auslander algebra when it has n + 1 simple modules.
Proof. The equivalence comes from combining Lemma 5.8 and Lemma 5.9 with Theorem 4.2 (2).
When the condition is satisfied, Proposition 5.6 implies that the Gorenstein dimension and the dominant dimension of A are both equal to 2n, meaning that A is a (2n − 1)-Auslander algebra.
Examples
In the first part of this section, we review a particular subclass of special gendo-Brauer tree algebras which appears in many areas related to representation theory. In the second part, we use the homological dimensions formulae obtained in Section 5 to determine some classes of modules. These modules are central to higher Auslander-Reiten, cluster tilting, and related theories in [Iya1, Iya2, CheKoe] . It turns out that the endomorphism rings of these modules are special gendo-Brauer tree algebras.
6.1. A special gendo-Brauer line algebra. A Brauer tree is called a Brauer line if it is given by a (planar) graphical line with multiplicity m ≡ 1. For any integer k ≥ 2, denote by B = B k−1 the basic Brauer tree algebra with k −1 isomorphism classes of simple modules, associated to a (k −1-edges) Brauer line. Let S be a simple module whose projective cover is uniserial. Then the algebra Γ k := End B (B ⊕ S) can be described as follows by the quiver
This family of algebras appears frequently in various areas of representation theory. We give a (possibly incomplete) list of examples here.
• Every representation-finite block of Schur algebras, see for example [Kue] .
• The principal block of the BGG category O of sl 2 (C) is equivalent to mod Γ 2 , see [Str] .
• Let p be the parabolic subalgebra of gl n (C) given by the sum of its Borel subalgebra and Levi subalgebra gl n−1 (C) ⊕ gl 1 (C). The principal block of the parabolic BGG category associated to the pair (gl n (C), p) is equivalent to mod Γ n , see [BruStr] .
• Certain blocks of the category O of a Virasoro algebra, see [BNW] .
• Non-semi-simple blocks of Temperley-Lieb algebras [Wes] , and of partition algebras [Mar] , over a field of characteristic zero.
• The underlying (ungraded) algebra of the Fukaya category associated to the Milnor fibre of Kleinian singularity of type A n is Γ n [Sei] .
• The quadratic dual of the (classical) Auslander algebra of
We remark that representation-finite blocks of Schur algebras being higher Auslander algebras was noted and used in [Ma2] to give a new homological description of their quasi-hereditary structure using dominant dimension. The following result follows from Proposition 5.10 immediately.
Proposition 6.1. All representation-finite blocks of Schur algebras are special gendo-Brauer tree algebras of pure parity. Moreover, they are higher Auslander algebras. • We remark that any maximal m-orthogonal module is also m-ortho-symmetric; but the converse is not true, see [CheKoe, Sec 5.3] for the details.
Note that maximal m-orthogonal modules are also called (m + 1)-cluster tilting modules in [Iya2] , and m-ortho-symmetric modules are also called (m + 1)-precluster tilting modules in a forthcoming work of Iyama and Solberg.
Our aim is to determine which m-rigid generators and m-ortho-symmetric modules of a Brauer tree algebra contain a special direct sum of hook modules as a direct summand. Proposition 6.3. Let B be a basic Brauer tree algebra, and M be a basic B-module without projective summand.
(1) If B is non-local, then B ⊕M being a basic m-rigid generator for some integer m ≥ 2 is equivalent to A = End B (B ⊕ M ) being a special gendo-Brauer tree algebra with domdim(A) ≥ m + 2. (2) If B is local, then none of the indecomposable non-projective B-modules is m-rigid for any m ≥ 1. In particular, the endomorphism algebra of any maximal m-rigid B-module is Iwanaga-Gorenstein.
Proof. (1) First recall a result of Mueller from [Mue, Lem 3] . It says that for any finite dimensional algebra A, an A-module N is a m-rigid generator-cogenerator if and only if domdim(End A (N )) ≥ m + 2. Therefore, by Proposition 5.6, it remains to show that M is a special direct sum of hook modules whenever M is m-rigid for some m ≥ 2.
Since Ext 2 (M, M ) = 0, every indecomposable non-projective summand N of M also satisfies Ext 2 (N, N ) = 0. It follows from Proposition 2.9 and Proposition 2.4 (1) that N is a hook module or an indecomposable projective module.
By Theorem 3.9, it remains to show that the non-projective summand of M must be a special direct sum (of hook modules). Note that this property is equivalent to saying that N ⊕Ω(N ) is not a direct summand of M for any hook module N . It follows from the isomorphism Ext 1 (N, Ω(N )) ∼ = Hom(Ω(N ), Ω(N )) 0 (as the later vector space always contains the identity morphism) that Ext 1 (N ⊕ Ω(N ), N ⊕ Ω(N )) 0. So having a direct summand of the form N ⊕Ω(N ) for some hook module N will contradict the m-rigidity of M , which proves our claim.
(2) This follows immediately from the isomorphism Ext 1 (N, N ) ∼ = Hom(Ω(N ), N ) and the hammock formulae (2.3.1).
The last statement is trivial in the local case, as (2) implies that maximal m-rigid modules are progenerators; whereas the non-local case follows by combining (1) with Proposition 5.6.
We expect a more general construction of Iwanaga-Gorenstein gendo-symmetric algebras by taking the endomorphism ring of a maximal m-rigid module with m ≥ 2. Using various results obtained in this paper as a guide, we will investigate in a separate paper such kind of endomorphism rings, as well as their Gorenstein projective modules and singularity categories, in the case when the symmetric algebra is representation-finite.
To obtain m-ortho-symmetric modules, we use an equivalent condition which allows us to focus only on the homological dimensions of the induced gendo-symmetric algebras.
It was shown in [CheKoe, Cor 3.18 ] that for a non-projective m-rigid generator-cogenerator M , ⊥m M = M ⊥m is equivalent to End B (M ) being (m+2)-Iwanaga-Gorenstein. This allows us to "unify" the definition with the case of m = 0 analogous to [CheKoe, Def 3.19] as follows. As mentioned in the proof of Proposition 6.3, M being m-rigid generator-cogenerator is equivalent to domdim(End B (M )) ≥ m + 2. Note also that the dominant dimension of a non-self-injective algebra cannot be greater than the injective dimension of the regular representation (i.e. the Gorenstein dimension). In particular, a non-projective basic generator-cogenerator M is m-ortho-symmetric, for an integer m ≥ 0, if and only if the dominant dimension and the Gorenstein dimension of End B (M ) are both equal to (m + 2).
Using this characterisation by homological dimensions of the endomorphism algebra, we can apply Proposition 5.6 to classify all m-ortho-symmetric modules over a Brauer tree algebra for any m ≥ 2 (as well as some of the 0-and 1-ortho-symmetric modules). Proof. Let A = Γ W G,m be a basic special gendo-Brauer tree algebra, and B be the Brauer tree algebra Λ G,m with a special direct sum N of hook modules given by W . Consider the clockwise Green's walk of the enlarged tree G W . Cyclically permute the sequence of edges so that it starts and ends with the same new edge (elements in W ). If we remove all the new edges (elements in W ) in this sequence of edges, then we obtain various subsequences, each of them consisting only of elements of G. The proof of Proposition 5.6 essentially says that the length of each of these subsequences is the injective and dominant dimension of an indecomposable projective non-injective A-module. For m ∈ {0, 1} with B being a Brauer tree algebra, we give examples of m-ortho-symmetric B-modules which are not of the form (6.4.1).
Example 6.5. (1) m = 0: Take any indecomposable non-projective B-module N . Then N is 2n-periodic where n is the number of isomorphism classes of simple modules in B. Therefore, the direct sum M := (2) m = 1: Take the symmetric Nakayama algebra B with Kupisch series [4, 4, 4] . Consider the module M := soc(e 0 B) ⊕ rad(e 1 B) ⊕ rad 2 (e 0 B) ∼ = L(0, 1) ⊕ L(1, 3) ⊕ L(0, 2). Using the hammock picture, one can see that Ω(M ) ∼ = τ −1 (M ). In particular, M is 1-rigid and 3-periodic, which means that B ⊕ M is a 1-ortho-symmetric module. In fact, B ⊕ M is also maximal 1-orthogonal. Note that the summand rad 2 (e 0 B) ∼ = L(0, 2) is not a hook module.
